Superposition

Free SHM

&\% EOM: — kx = m¥

Solutions: X, (l‘) = 4 COS(@J T ¢1)

x,(t)= A, cos(o,t + §,)

Superposition: the sum of solutions to an EOM is also a solution . . .

. If the EOM is //gear.

..or a linear combination:

CpX; + CxXy

X and its derivatives
appear only to first
power.




Is the linear combination useful?

initial displacement, begin at rest initial velocity, begin at origin
X,, v,=0 v,,x, =0
x,(0) = 4, cos(4,) = x, x,(0) = 4, cos(g,) =0
%,(0)=-A40,sin(g)=0 ¢, =%
¢1 — O, xO — Al xZ (O) = _A2a)0 Sln(%) = Vo
Ay =—
x,(¢) = x, cos(w,t) @,

xz(t):

Yo cos(w,t +2)
%

0




initial displacement X, and velocity v,
x,(0) = 4, cos(g,) = x,

X3 (O) =—-4,0,sn (¢3) =V

Solve each for A4, equate, solve for ¢:

0 S 10 15 20

— Time
g = tan'1|: Yo :|

a,x, Superposition: The motion resulting
from two simultaneous initial
Plug back into top equation to get A ;: conditions is equal to the sum of
the motions resulting from each
A = X, initial condition. . . . .. if the EOM
? cos(tan'l(— v /a)oxo)) is linear.
Solution:
X, .
x,(t) = — cos(a)ot+tan (v, /o x, ))
cos(tan' (v, /@, x, ))




The trig is getting complicated, let's try something else...

Imagine SHM in 1D...

X ..as a projection of 2D motion.

>
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)

“imaginary”
y-axis

Q)

\\r‘ealﬂ
X-axXIs




Describe the position..

y-axis F=ai+b z=a+ jb

Z
« d ; > ..geometrically  OR ..algebraically
\ “imaginary”

J ->"rotate 90 degrees”

“r‘ealu :2 " _ . .
X-AXiS ] b -> go along original axis in opposite
direction”
ji=-1

J=~=1 " animaginary number!




3 7 9 2

£ Pt ot A A
b cos(t)=1——+———+—---
357 9 21 41 6! §!

4 6 8

sin(¢)=t—

Circular motion in complex plane:

A S A &
cos(t)+]sm(t)=1+]t—5—]§+a+]§...

G, G, ), G
23 4 S

=1+ jt +
..expansion of exp(jt)!

cos(?) + jsin(¢) = e’

"Euler's Formula” - imaginary exponentials oscillate |



Describe SHM in the complex plane...

z(t) = Ae’*9)

Does it work?

Y PRI ;i; [ge/e9)]

_iAe @D = g g2 @)

Yes, if: k=mo’

A and ¢ take any value

Don't forgetlll x(¢) = Re[z(t)] = A COS(a)t + ¢) Keepin' it real /



Same A and o, but different ¢

:Aej(a)t+¢1) z, :Aef(@t+¢2)

2,,, = Ale/@) 4 o7 @9)

y y ef¢1
_ Ja)t( A, z)

Zi,, = Aej(a’t‘*#ﬁl)(l_'_ef(¢2“¢1))



x; and x, in phase x; and x, out of phase

¢,—9,=0 b= =7

_ (@t +¢ '7[
214 = 2 Ao’ (@) 2140 = Aej( t )(1+ej )
x,., = 2Acos(wt + ¢,) Z12 =0
X2 =0



Same A and ¢, different o:
Stick with trig.. X, = Alcos(@,r)+ cos(@,1)]

cos(ar) + cos(8) = 2cos(*4)cos(%5L)

Then:  x,,=24 (:os[a)1 -|2-a)2 tjcos[a)1 ;a)z t]

o, ~ ®, Yields beats.
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Systems with linear EOMs obey the Principle of
Superposition: solutions to the EOM can be
summed to make more complicated solutions.




