6. Coupled Oscillators

X X SF, =m¥,

8 k(x,~ (5, - D))=,

SF, =m(x, — D)
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e , ——L—g(xb—D)—k((xb—D)—xa)=M(xb—D)
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I D coupled equations of motion




Normal Modes : motions where all bodies move at the same frequency.

Sum -, k(x, = (3, = D)= m,

8 (4, -D) ~ k((5,~D)-1,) = m(s, D)

—-n—zg(xa+xb—D) -0 = m(xa+.x.b—D)

g

Normal Coordinate 1: ¢q,., = (xa + X, —D) Normal Frequency 1: @ ., = 7







Difference: —B/ligxa — k(xa—(xb—D)) = mX

a

-8 (3, D) - k{(x,~D)-x,) = m(x,~D)

_%(xa — X, +D)—k(2xa —2(xb —D)): m(xa _xb +D)

—-‘%(xa — X, +D)—%(xa - X, +D)=(3'c'a — X, +D)
m

—(§+%](xa —x, +D)=(x, - %, + D)
L m

Normal Coordinate 2: ¢, , = (xa — X, + D)

Normal Frequency 2: @, = \/%4_%
m



Normal Mode Solutions :

Qarp = Ayip COS \/gt + ¢a+b] qos = A, COS \/(g T %)t +9,,
L L m

"Abnormal” motion:

Initial Conditions:

qa+b :"40 qa—b :_AO q0+b =0 qd—b =0
s




similarly...

Qs = o Oos(a)a+bt ) Gap =% Oos(a)aﬁbt )

Switch back to x, and x;:

— qa+b + qa-—b xb — qa+b B qa—b + D

x(l
2 2

, =22 [oos(, ) —cos(@, )]

a

xa — 140 |:Sin[a)a—b ;a)aurb t) Sin(a)a—b ;—a)cyrb tj:|

X, also beats
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Equations of motion )

- m, =~k —k(x, —x,)

| mX,) = —kx, —k(x2 _'xl)

( x,(t)= A4’

Look for Normal Modes!

Plugin... <

( X2 (t) = Azemt

2 ‘@t ‘ot ‘ot
—o'mA e’ =-2kAe’” + kA, e’”

2 ‘w! ‘@l 't
o 'md,e’” =-2kA,e’”" + kA’




Simplify and
group by A's )

Matrix
representation <
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(0>m—2k)A4, + kA, = 0

kA, +(@w*m—2k)4, =0

wm—2k

k

True if the Determinant is O:
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(0?m—2k)=tk
,» 2ktk
0 =——0
m
B i b = 3k Normal Mode
" * "\ frequencies
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Larger N: www.falstad.com/coupled

Oscillators which exchange energy are coupled,
and their equations of motion are coupled.
Their complex motion can be described simply
in ferms of normal modes in which all bodies
oscillate with the same frequency.



